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1. IN-TR~DU~TI~N 
It is the purpose of the present paper to present several applications of 
the monotonicity method of Minty-Browder to some nonlinear boundary 
value problems for second order equations in Hilbert spaces. The main 
technique employed here is based on the papers of Barbu [I] and of Brezis [4]. 
Let H be a Hilbert space, and let A be a maximal monotone mapping 
(possibly nonlinear) defined on a subset of H. This paper deals with the 
existence of the solution of the second-order differential equation 
d2u(t) 
-y@-- E Au(t) a.e. on [0, T], 0 < T < CYJ, 
with boundary values of the form (I) or (II) 
(I) u’(0) E y(u(0) - a), u’(T) = 0, a E D(A) or 
(II) u’(0) = 0, u’(T) E P@(T) - b), b E D(A), 
where y, @ are maximal monotone (resp. dissipative) mappings in H. With 
some additional assumptions about A (see appendix), we will show the 
existence of the solution of(E) in more general boundary conditions, namely: 
(III) u’(0) E y@(O) - a), U’(T) G /‘3(u( T) - b). 
Barbu [I] proved the existence and uniqueness of the solution u E W(0, T; H) 
of (E) with boundary conditions of the form u(O) = X, U(T) = y, or u(O) = X, 
u(t) bounded as t -+ co. Brezis solved (E) in the space L2(R+, H) with 
boundary conditions in 0 of the form u’(O) E aj(u(O) - a) [4]. 
1. Dejinitions and Known Results 
A multivalued mapping A: D(A) C H-t 2H is said to be monotone if 
(n--Y 2, x1 - x2) > 0 for each xi E D(A) and yi E Axi, i = 1,2, where 
( , ) denotes the inner product in H. 
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A is said to be maximal monotone if it is monotone and R(l + A) = H. 
A is called maximal dissipative, if -A is maximal monotone. 
Let us denote 
Jh = (1 + W-l, h > 0, (1-l) 
A* = h-1(1 - (1 + hA)-l), x > 0. U.2) 
The following basic results are true. 
IJnX-JAYIGIX-YI7 X,Y EH, h >o, 
(1.3) 
$+y Jnx = x, for each x E D(A). 
A, is a monotone Lipschitzian operator on H, A,x E A J,,x and 
~A,~~,<~A~x~forallx~D(A)where~A~x~=inf((y~,y~Ax) 
and [ * ( the norm of H. (1.4) 
2. The Main Results 
THEOREM 2.1. Let A be a maximal monotone set in H(0 E AO), fl a maximal 
dissipative set in H, sllch that 
(2-l) 
(A,x - A,y, 2) < 0, for all 2 E /3(x - y). (2.2) 
Then for each b E D(A) there exists a solution u eL2(0, T; H) of the 
following boundary value problem 
u”(t) E Au(t), a.e. t E [0, T] (2.3) 
u’(0) = 0, u’(T) E /3(u( T) - b). (2.4) 
In addition, u’, u” EL~(O, T; H). 
Proof. Let us define the following two operators 
A = {[u, v] E L2(0, T; H) x L2(0, T; H), v(t) E Au(t), a.e. on [0, T]}, 
Bu = -4 with 
D(B) = {u eL2(0, T; H); u’, u” E L2[0, T, H-j, u’(0) = 0, u’(T) E ,kl(u( T) - b)}. 
It is easy to see that A is maximal monotone (see also [l]). 
The fact that B is maximal monotone is proved in the appendix. First of 
all, we prove that for each S > 0, 0 E R(S + A + B). For this fact it is 
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enough to show that s,,u,, is bounded when X -+ 0, where uA is the solution 
of the equation 0 E Su, + J,,uA + Bu, (see [2, Theorem 2.41). Since 
(JAu,,)(t) = A,+,(t), 0 E Su, + A,,u,, + Bu, is equivalent to 
(2.5) 
To prove that AAuA is bounded, it is enough to prove that 11 u: 11 is bounded 
in L2(0, T; H), where /I . /I is the norm in L2. 
Indeed, we have (by (2.5)) 
where // J,,u, 11, and (ui , JAu,) denote the norm and the inner product 
(respectively) in L2(0, T; H). 
But the monotonicity of A, implies a.e. on [0, T) 
The derivative of ui exists a.e. on [0, T] because we have (2.6) and the 
function t + AAuA(t) is absolutely continuous. Integrating (2.8) over [0, T] 
and taking into account (2.2), (2.4) and (2.6), we derive successively, 
s o= I WI” dt < (4(T), uAI(T)) - (4(O)> u;(O)) 
= (44T) + h(T), uh’(T)) < (A6 + Sk u:(T)). 
Therefore, we have 
II 4’ II2 G (I A”b I + 6 I b I) I uhlU’-)I . (2.9) 
But on the other hand, we have (u;(t), uA(t)) >, 0, on [0, T] so that 
(uA’(t), uA(t))’ - 1 u,‘(t)/2 >, 0, on [0, T], which implies 
I oT I uA’W12 dtG I b I I UA’GTI > i.e. II u,,’ II2 < I b I I u,‘WI . (2.10) 
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Finally, using (u”(t), u’(t)) = i(d/dt) 1 q’(t)j2 and integrating over [0, T] 
we obtain 
I %‘(~)I2 G 2 II un”ll II UA’ II 3 x > 0. (2.11) 
Combining (2.9), (2.10), (2.11) we derive 
I %‘(qI < 2 I b P2 (I AOb I + 6 I b 1y2, h > 0, (2.12) 
11 u,” (12 < 2 1 b p2 (I A% 1 + 6 1 b y/2, A >o. (2.13) 
Since (2.7) and (2.13) p rove that &u,, is bounded, it follows that for each 
6 > 0, there exists us E D(g) n D(B), such that 0 E Su, + Au, + Bus . In 
addition, it follows uA --+ ug as h + 0, strongly in L2(0, T; H) and 
u; ;;“. u; + weakly in L2(0, T; H). (2.14) 
Hence, for each 6, we have shown that there exists a function us such that 
u:(t) E Au,(t) + %(t) a.e. on [0, T), 
z+‘(O) = 0, %‘( T) E PM T) - 4 * 
(2.15) 
To find the limit as 6 -+ 0, we need some extemations. First of all, by (2.12) 
it follows that there exists a constant K, independent of h and of 6 < So 
(So being a fixed positive number) such that 
I %‘PTI < K for all h > 0 and 0 < S < So. (2.16) 
But uA’( T) - h+O u,‘(T) (in H, of course; see Remark 2.2); therefore, by 
(2.16), we derive 
I %‘(~)I ,< K for all 0 < 6 < So . (2.17) 
Using (2.17) and taking into account that /3-l maps bounded sets into bounded 
sets, ub( 2’) E jI-l(r+‘( T)) + b implies that us(T) is bounded for 6 < So . But 
since (d/dt) I u,(t)12 > 0, it follows that t -+ 1 u,(t)/ is an increasing function, 
so that 
I WI ,< I M)l < K,1’2, for t E [0, T], 6 < So , (2.18) 
where Ki is a positive constant. Let us denote u = ud - u, . 
(u”(t), u(t)) = (Au&) - Au,(t) + SW - yu,(t)> us(t) - u,(t)), (2.19) 
(u”W, u(t)> 3 --2&b + 6) (2.20) 
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I.e., 
(u’(t), u(t))’ - / u’(t)l” >, -2qy + 8). (2.21) 
Integrating (2.20) over [0, T] and taking into account that (u’(T), u(T)) ,< 0, 
u’(0) = 0, we derive 
s 
oT 1 u’(t)]” dt < 2TK,(y $ q, (2.22) 
i.e., 
II ust - uv’ (I2 < 2TK,(y + 6). (2.23) 
Therefore w = lim,,, u8’ exists in L2(0, T; H). It follows that U: + W' 
weakly in L2(0, T; H). Since u’(0) = 0, we easily see that 
1 us’(t) - UY’@)12 < 2 /I u; - u: II II ug' - u,' 11 , t E [O, TIP (2.24) 
which shows that q’(t) goes to w(t) when 6 ---f 0 uniformly with respect to 
t E [O, T]. 
Since ug(T) is bounded, we may assume (without loss of generality) that 
u,(T) is weakly convergent as 6 --f 0. Denote this limit by I, i.e. w,(T) -6+0 1. 
But we have 
us(t) = ,: us’(~) dT + us(T), t E [O, T]. (2.25) 
Passing to limit as h-t 0, in (2.25), it follows that u,(t) tends weakly to 
u(t) = j: w(s) ds + I so that u’(t) = w(t), since w is a continuous function. 
Let us denotef, = U: - 6u, . We have 
f*(t) E 4(t) a.e. on [0, T], i.e., fs E Ad,. 
On the other hand, us(t) -s-T,, u(t) (in H) implies 
(2.26) 
Us ;a” in L2(0, T; HI, (2.27) + 
fs - w’ = UN in L2(0, T; N). (2.28) 
In what follows we will prove that 
p-$fs , us) = (U”, u). 4 (2.29) 
Since (f~ ,US> = Us , ~8 - 4 + (fs , 4, and (f6 , 4 -+a+0 (u”, 4, to show 
that (2.29) holds, it is enough to prove that 
li+i(f,,u,-u) =o. (2.30) 
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But we have successively, 
(f8 , ug - u) = (24; - 624, ) u, - u) 
= (21; - i?/) U8 - @> + (uD, u, - u) - qu, , u,g - u), 
I&l S(u, ) ug - u) = 0, 
(since us is bounded in L2(0, T; H), on the basis of (2.18)). 
lp(U”, u, - u) = 0 + (by (2.27)). 
Finally we have 
(t&! - d’, 248 - u) 
= oT (l&(t) - u”(t), us(t) - u(t)) di 
s 
= (u,‘(T) - u’(T), u,(T) - u(T)) - /’ 1 u&‘(t) - U’(t)p lit. 
0 
(2.31) 
(2.32) 
(2.33) 
(2.34) 
Because u8(T) is bounded and Us + u’ strongly in L2(0, T; H) it follows 
that (ui - u”, ug - u) da+,, 0 and hence (2.29) holds. 
Taking into account that A is maximal monotone, from (2.27), (2.28) and 
(2.29) it follows that u E D(z) and u” EL&J, i.e., (2.3) holds. But 
u,(T) - 6 -ho u(T) - b (weakly) in H and u,‘(T) -+b-ro u’(T) (strongly) 
in H. Since /3 is maximal dissipative and ua’( T) E /I(z&T) - b), it follows 
that u(T) - b E D(p) and (2.4) holds. 
The theorem is proved. 
Using the same technique as that above we can prove the following result. 
THEOREM 2.2. Let A and y be two maximal monotone mappings in H such 
tkat 
(9 limt,l++, IYOXI =+~,o~Yo, 
(ii) (A,+ - A,y, z) 3 0, for aZl z E ~(x - y). 
Then for each a E D(A) there exists a solution u E L2(0, T, H) of the 
following boundary value problem 
u”(t) E Au(t), a.e. on [0, T], (2.35) 
u’(O) E ~(40) - 4, u’(T) = 0. (2.36) 
Remark 2.1. In the case ,6 = - aj (y = aj), where j and ai are defined 
in Section 3, then the conditions (2.1) and (2.2) of Theorem 2.1 (resp. (i) and 
(ii)) of Theorem 2.2 are satisfied (see [4J). 
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If in additionj is strictly convex, then the solution of (2.3), (2.4) is unique. 
This fact is essentially due to Brezis [4]. 
The norm of the solution of (2.3), (2.4) . is increasing and that of the solution 
to (2.35), (2.36) is decreasing. For a detailed study of the properties of the 
solutions to the above problems we can apply the same technique as in [l] 
and [4]. It should be interesting to treat the following boundary value 
problem: 
u”(t) E Au(t), u’(0) E y@(O) - a), u’(T) E /qu(T) - b). 
Remark 2.2. In the proof of Theorem 2.1 we have used the fact that 
u,‘(T) -,+,,, u8’( T). This fact follows easily from (2.14) and u,+‘(O) = ~~‘(0) = 0. 
Indeed, we have (u,‘(T), X) = s: (u:(t), xi(t)) dt = (u; , x1) -+ (ui , x1) as 
X -+ 0 where x is an arbitrary element of H, and xl(t) = x for all t E [O, T]. 
But (4 , x1) = Jr(4(t), xl(t)) dt = (u,‘(T), 4 i.e., (u,‘(T), x) + (udl(T), x) 
as X--f 0, for every x E H. Q.E.D. 
3. SOME EXAMPLES 
A natural example in which the conditions (2.1) and (2.2) of Theorem 2.1 
are satisfied is the following case considered by Brezis [4]. Letj: H+ [0, + co) 
be a lower semicontinuous convex function (1.s.c.) such that 
lim i(v) = +co 
Ivl++m ].7l) ’ i(O) = 0, (3.1) 
i(JAX - JAY) G&i@ - Yh for x,yeH, h >O, (3.2) 
where J,, = (1 + h&l, A being the mapping appearing in Theorem 1 .l . 
If we denote as usual the subdifferential ofj by aj, i.e., 
aj=[(X,s’)EHx H,j(y)-j(x) >(x’,y--x),y~H] 
then for /3 = -aj, the conditions (2.1) and (2.2) are satisfied. 
Now let Y be a bounded domain in R* whose boundary ar is smooth 
enough. 
Let us consider the operator A, given by 
Au = -Au, D(A) = HL(r) n H;(r), (3.3) 
where H2(r), H,,l(r) are the usual Sobolev spaces. 
It is well know that A is maximal monotone in L2(r) (see [3]). If we take 
j(v) = $ j 7~ j2, H = P(Y), then applying Theorem 2.2 and Theorem 2.1, 
we obtain, respectively: 
380 NICOLAE H. PAVEL 
PROPOSITION 3.1. For each u,, E H2(y) n f&l(r) there exists a unique 
function u EL~(O, T; L2(r)) such that 
u(t, .) E HZ(Y) n H,~(Y) u.e. [0, T], (3.4) 
g+Llu=o a.e. on [0, T] and for all x E Y, 
u’(0, x) = u(0, x) - 240(x), u’( T, x) = 0, x E Y. (3.6) 
PROPOSITION 3.2. For each u,, E P(Y) n H:(Y) thue exists a function 
u EL~[O, T;L2(r)) such that the condition (3.4) and (3.5) ure satisfied and in 
addition 
v’(0, x) = 0, +Y 4 + +-, x) = uc,(x), x E r. (3.7) 
Of course the condition (3.7) is a consequence of the fact that /I appearing in 
Theorem 2.1 is in this case /3x = -aj(x) = -x. 
Let us consider now the following operator: A,u = -(+(x) u,& , 
where C+(X) are smooth functions in Y such that Q(X) fi.$ > p 1 5 12; p > 0, 
f E R” and C+(X) = +(x). 
If we define the domain of A, as follows 
D(4) = { u E Ha(y); - g E&(U), a.e. on &I , 
where p1 is a maximal monotone mapping in R (R-real line), and au/an 
denotes the exterior normal derivative of u, then A, is maximal monotone 
in L2(r) (see [5, Theorem 1.101). If we apply the Theorems 2.2 and 2.1 with 
A = A, we derive, respectively, Proposition 3.3. 
PROPOSITION 3.3. For each u,EHZ(r)with -(au,(x)/an)@(u,,(x)) a.e. on &, 
there exists a unique solution u EL~(O, T; L2(r)) of the following boundary 
problem 
a.e. on [0, T], x E Y, 
- --&- E B(u(t, x)), a.e. on [0, T) x ar, 
u’(0, x) = u(0, x) - u&x), u’( T, x) = 0, on Y. (3.10) 
PROPOSITION 3.4. For each u,, as in Proposition 3.3 there exists 4 function 
v E L2(0, T, L2(r)) satisfying (3.8), (3.9) and in addition 
v’(0, x) = 0, v’( T, x) $- v( T, x) = u&x) on Y. (3.11) 
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Comments. For y = aj, and j(v) = 0 for v = 0, j(v) = SCO for v f 0, 
Theorem 2.2 gives: 
PROPOSITION 3.5. For each XE D(A) there exists a unique function 
u = u(., x) eL2(0, T; H) such that 
(a) u”(t) E Au(t) a.e. on [0, T], u’, u” eL2(0, T; H), 
(b) ~(0, x) = x, u’(T, x) = 0. 
If we denote by Sli2(t) the extension of the mapping Sii2(t)x = u(t, x) 
on D(A) then Sl12(t) is a semigroup of nonlinear contractions on D(A). (We 
take into account that the function t---t / u(t, x) - u(t, y)\ is decreasing, so 
that 1 u(t, x) - u(t, y)l < 1 x - y ) for all t E [0, T]). The infinitesimal 
generator of S1,2(t) is denoted by At,, . The properties of Sl12(t), and of A:,, 
are similar to those from [l], [4]. 
APPENDIX 
Let &(pJ be a maximal monotone (dissipative) mappings on H. 
Define B: L2(0, T; H) -+L2(0, T; H) as follows: 
Bu = -u”, (1) 
with the domain 
D(B) = {u EL~(O, T; H), u’, u” eL2(0, T; H), 
u’(O) E MW - 4, u’(T) E Mu(T) - @I, a, bEH. (2) 
LEMMA 1. The operator B dejined 6y (1) and (2) is maximal monotone. 
Remark 1. This result is essentially due to M. G. Crandall. More 
precisely, Crandall proved such a result in the case /3i = aji (fl, = -8j.J 
where ji , j, are 1.s.c. functions from (0, + a) into H. In the proof of Lemma 1 
we will apply Crandall’s technique. 
Proof of Lemma 1. First of all B is a monotone operator. Indeed for 
each u, v E D(B) we have 
(Bu - Bv, u - v) = - 0’ (u”(t) - v”(t), u(t) - v(t)) dt = 
s 
- (u’(T) - v’(T), u(T)- v(T)) (3) 
+ (u’(0) - v’(O), u(0) - v(0)) + 11 u’ - v’ 112 > 0. 
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Therefore we have to prove in addition that R(l + B) = L2(0, T; H), i.e., 
we have to solve the following boundary value problem: 
Let us denote w the solution of the problem 
w(t) - w”(t) = f(t), w(0) = w(T) = 0. (5) 
To solve (4) we look for two elements X, y of X such that the function 
u(t) = w(t) + q x + 
e-Tet _ ge-t 
2 y, (6) 
is the solution of (4). To find such x and y it is enough to solve the following 
system 
x + w -t-.&(Y) 3 0 
P +r +hd430 
(7) 
where Y = ((eT + e-T)/2>, fdy) = -/4(-v - a), f2(4 = -B2(m - 4, 
a = ((eT - eeT)/2). Ob viously fr and f. are maximal monotone mappings 
in H. 
ButifwedefineT:HxH-+HXH,F:H~H-+H~HbyT[x,y]= 
b + vyx, * + 19% F[x, ~1 = fibI x h(y) = i[u, ~1, ~1 of&), 2~ E.fdyN it fol- 
lows immediately that F is maximal monotone in H x H. Of course (7) is 
equivalent to (8) 
OER(T+F). 09 
But we have 
(Tb, ~1, I% YIIH~H = ([Y + P’x, x + rrl, P,Yl) 
= Al x I2 + I Y I”) + 2(Y, 4 > (Y - l>(l x I2 + I Y I”> 
= (Y - 1) l[%Y112> 
i.e., T is coercive. By a well-known result of Browder (T linear coercive, 
F maximal monotone implies T + F onto), it follows (S), and the proof is 
complete. 
PROPOSITION 1. Let A: [0, T] x H + H be a nonlinear continuous operator 
such that 
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(i) / A(t) x - A(t)y / < L(t) ( x - y 1, t E [O, T], X, y E H where 
L: [O, q---f (0, +a) is a continuous function. Then, for each h > 0, a, b E H, 
there exists a solution u: [0, T] -+ H of the following boundary problem 
u”(t) + A(t) u(t) = Au(t) + L(t) u(t), t E [O, Tl 
u’(O) E BIMO) - 4 u’(T) E B&40> - b), 
(9) 
where /31 , j$ are maximal monotone (dissipative). 
Proof. Let us define A,: L2(0, T; H)+L2(0, T; H) by (A,u)(t) = 
A(t) u(t) - L(t) u(t), t E [0, T]. It follows easily that --A, is continuous and 
monotone in L2. But by Lemma 1, B is maximal monotone, so --A, + B is 
maximal monotone; therefore R(XI - A, + B) = L2(0, T; H) which implies 
(9). 
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